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Introduction

This talk is mainly based on these papers:

▶ [Nitanda, NeurIPS’14] Stochastic Proximal Gradient Descent with

Acceleration Techniques.

▶ [Allen-Zhu, JMLR’17] Katyusha: the first direct acceleration of

stochastic gradient methods.

▶ [Tang et al, NeurIPS’18] Rest-Katyusha: Exploiting the Solution’s

Structure via Scheduled Restart Schemes.

▶ [Scieur et al, NeurIPS’17] Nonlinear Acceleration of Stochastic

Algorithms.



Introduction
Imaging inverse problems and large-scale optimization

Many inverse problems involve solving convex composite
optimization tasks:

x⋆ ∈ argmin
x∈

F (x) :=
1

n

n∑
i=1

f̄ (ai , bi , x) + λg(x)

 , (1)

Data fidelity term f (x) := 1
n

∑n
i=1 f̄ (ai , bi , x), regularization g(x).
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In imaging inverse problems:

▶ x ∈ Rd → vectorized image,
A = [a1; a2; ...; an] ∈ Rn×d

→ the forward model/measurements ,
b = [b1; b2; ...; bn] ∈ Rn → the observations.

b = Ax† + w , A ∈ Rn×d (2)
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▶ Example: Total-Variation regularized least-squares

F (x) :=
1

2n
∥Ax − b∥22 + λ∥Dx∥1. (3)

(D → discrete gradient operator.)
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▶

x⋆ ∈ arg min
x∈Rd

{
F (x) := f (x) + g(x)

}
, f (x) :=

1

n

n∑
i=1

fi (x)

(4)

▶ The number of data-sample n and dimension d can be large.

▶ Randomized optimization algorithms to rescue!!



Stochastic optimization

▶ Stochastic gradient algorithms typically pick one (or a few)
functions fi at random to calculate an unbiased estimate of
the true gradient at each iteration.

▶ Stochastic Gradient Descent (SGD):

x t+1 = proxηtg
(
x t − ηt▽fj(x

t)
)
, (5)

▶ where the proximal operator is defined as:

proxηg (·) = arg min
x∈Rd

1

2η
∥x − ·∥22 + g(x). (6)



Stochastic gradient methods with variance-reduction

▶ Recent advance: by reducing the variance of ▽fj(x t) one
can achieve even faster convergence:

▶ Representative examples : SVRG [Johnson & Zhang, 2013],
SAGA [Dafazio et al, 2014], SPDC [Zhang & Xiao, 2015], etc.



Optimal algorithms for regularized ERM

For example, the Katyusha (accelerated SVRG) algorithm
[Allen-Zhu JMLR’17]
– Variance-reduced SGD with Nesterov-type acceleration achieves
worse-case optimal convergence.



AccProxSVRG algorithm of Nitanda [NeurIPS’14]

The inner loop of AccProxSVRG consists of 3 steps :

For k = 0, 1, 2, ...,m

▽k+1 = ▽f (x̂ s) + ▽fi (xk)− ▽fi (x̂ s);
→ variance reduced stochastic gradient

yk+1 = prox
1/2L
g (xk − 1

2L▽k+1);
→ proximal gradient descent

xk+1 = yk+1 ++θk(yk+1 − yk);
→ Nesterov momentum step

(we denote the inner-loop as A)



Katyusha algorithm of Allen-Zhu [JMLR’17]

The inner loop of Katyusha consists of 4 steps :

For k = 0, 1, 2, ...,m

xk+1 = θzk +
1
2 x̂

s + (12 − θ)yk ;
→ linear coupling momentum step

▽k+1 = ▽f (x̂ s) + ▽fi (xk+1)− ▽fi (x̂ s);
→ variance reduced stochastic gradient

zk+1 = prox
1

3θL
g (zk − 1

3θL▽k+1);

yk+1 = prox
1
3L
g (xk − 1

3L▽k+1);
→ proximal gradient descent

(we denote the inner-loop as A)



Katyusha algorithm of Allen-Zhu [JMLR’17]

Algorithm Katyusha (x0,m, S , L)

Initialize: y0 = z0 = x̂0;
for s = 0, . . . ,S − 1 do

Set momentum parameter as θ ← 2
s+4 ,

Calculate a full gradient ▽f (x̂ s),
Inner-loop:

(x̂ s+1, y s+1, zs+1) = A(x̂ s , y s , zs , θ,▽f (x̂ s),m)

end for
Output: x̂S



Katyusha acceleration of SVRG

▶ Use negative momentum tracing towards an anchoring point
to safe-guard Nesterov’s momentum



Katyusha acceleration of SVRG

▶ Use negative momentum tracing towards an anchoring point
to safe-guard Nesterov’s momentum

▶ Updating occasionally (every O(1) epochs) the anchoring
point



Katyusha acceleration of SVRG

▶ Achieving acceleration :)



Exploiting the solution’s structure for faster algorithms

▶ Non-smooth g(·) injects prior information to ERM and often
enforce the solution to be structured, e.g. sparse, piece-wise
smooth, or low rank, etc.

 (a) ERM with constraint
g(·) := ιK(.)
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站在大海边 才发现自己是多渺小 

(b) Regularized ERM

▶ Can we exploit the solution’s structure to design even
faster optimization algorithms?



Restricted strong-convexity due to the structure

▶ With the structure inducing regularization such as ℓ1, ℓ2,1,
and TV semi-norm, f (·) often satisfies restricted
strong-convexity (RSC) w.r.t g(·):

f (x)− f (x⋆)− ⟨▽f (x⋆), x − x⋆⟩ ≥ γ

2
∥x − x⋆∥22− τg2(x − x⋆).

(7)
∀x ∈ Rd .

▶ Let x⋆ ∈ T , and the complexity of subspace T denoted by
Φ(T ).

▶ We denote the effective RSC parameter as
µc = γ

2 − 32τΦ2(T ),

F (x)− F (x⋆) ≥ µc∥x − x⋆∥22 − residuals, (8)



Exploit the structure via restart

An illustrative example for restarting the momentum-based
algorithms

▶ FISTA algorithm solve ERM at a rate of

F (xk)− F (x⋆) ≤ 4L∥x0−x⋆∥22
k2

▶ If F (·) is µ-strongly convex, then:

F (x)− F (x⋆) ≥ µ∥x − x⋆∥22 (9)



Exploit the structure with restart

▶ Then if we run k = ⌈4
√

L/µ⌉, we have:

F (xk)− F (x⋆) ≤ 4L[F (x0)− F (x⋆)]

µk2
≤ 1

4
[F (x0)− F (x⋆)].

(10)

▶ Hence if we restart FISTA every ⌈4
√
L/µ⌉ iteration

– only k ≥ ⌈4
√

L
µ⌉ log4

1
δ iterations are needed to make

F (xk)− F (x⋆) ≤ δ.

▶ Without restart, FISTA needs 1√
δ
iterations.



Exploit the structure via restart

Figure: Empirical performance illustration of FISTA, periodic restarted
FISTA (with exact knowledge of the strong-convexity parameter µ) and
adaptive restarted-FISTA (based on enforcing monotonicity) for
minimizing strongly-convex functions.

▶ We then leverage the restart scheme to accelerate Katyusha
algorithm under RSC framework



Structure-Adaptive Accelerated Variance-Reduced SGD

Algorithm Rest-Katyusha (x0, µc ,S0, β,T , L)

Initialize: m = 2n, S =

⌈
β
√

32 + 24L
mµc

⌉
;

First stage — warm start:
x1 = Katyusha (x0,m,S0, L)
Second stage — exploit the restricted strong-convexity via peri-
odic restart:
for t = 1, ...,T do

x t+1 = Katyusha (x t ,m,S , L)
end for
Output: xT+1

▶ Convergence analysis: O
(
n +

√
nL
µc

)
log 1

ϵ gradient

complexity – accelerated linear convergence



Structure-Adaptive Accelerated Variance-Reduced SGD

Algorithm Adaptive Rest-Katyusha (x0, µ0, S0, β,T , L)

Initialize: m = 2n; Initial restart period S =

⌈
β
√
32 + 12L

nµ0

⌉
;

x1 = Katyusha (x0,m, S0, L)
Calculate the composite gradient map:
Q(x1) = argminx

L
2∥x − x1∥22 + ⟨▽f (x1), x − x1⟩+ g(x).

for t = 1, . . . ,T do
x t+1 = Katyusha (x t ,m,S , L)
Track the convergence speed via the composite gradient maps:
Q(x t+1) = argminx

L
2
∥x − x t+1∥22 + ⟨▽f (x t+1), x − x t+1⟩+ g(x).

Update the estimate of RSC and tune the restart period:
if ∥Q(x t+1)− x t+1∥22 ≤ 1

β2 ∥Q(x t)− x t∥22

then µ0 ← 2µ0, else µ0 ← µ0/2. S =

⌈
β
√

32 + 12L
nµ0

⌉
end for



Numerical experiments

▶ We test our algorithms’ performance on LASSO problem:

x⋆ ∈ arg min
x∈Rd

{
F (x) :=

1

2n
∥Ax − b∥22 + λ∥x∥1

}
. (11)

Figure: Lasso experiments on Reged dataset (n, d) = [500, 999]

0 500 1000 1500

# Gradient Evaluations / n

-15

-10

-5

0

5

O
b

je
c
ti
v
e

 G
a

p
 (

lo
g

)

λ = 2× 10−5

∥x⋆∥0 = 80

0 500 1000 1500

# Gradient Evaluations / n

-15

-10

-5

0

5

O
b

je
c
ti
v
e

 G
a

p
 (

lo
g

)

λ = 1× 10−5

∥x⋆∥0 = 127

0 500 1000 1500 2000 2500

# Gradient Evaluations / n

-15

-10

-5

0

5

O
b

je
c
ti
v
e

 G
a

p
 (

lo
g

)

λ = 5× 10−6

∥x⋆∥0 = 209

0 1000 2000 3000 4000 5000

# Gradient Evaluations / n

-15

-10

-5

0

5

O
b

je
c
ti
v
e

 G
a

p
 (

lo
g

)

λ = 2× 10−6

∥x⋆∥0 = 343



Numerical experiments
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Figure: X-ray CT image reconstruction experiment with a smooth

edge-preserving regularization. log10
∥Ax†∥22
∥w∥22

≈ 3.16.
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Reegularized Nonlinear Acceleration (RNA)

[Scieur et al, NeurIPS’16]
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Nonlinear Acceleration of SVRG/SAGA. [Scieur et al,
NeurIPS’17]


	Introduction
	Constrained Least-Squares Regression


